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Abstract!]. Let R be a commutative Noetherian ring, / an ideal of R and M, N two 
finitely generated i?-modules. The aim of this paper is to investigate the 7-cofiniteness 
of generalized local cohomology modules H 3 j(M,N) = lim Ext J R (M/I n M, N) of M 
and N with respect to /. We hrst prove that if / is a principal ideal then Hj(M, N) 
is I-cofinite for all M, N and all j. Secondly, let t be a non- negative integer such that 
dimSupp(fl|(M, N)) < 1 for all j < t. Then Hj(M, N) is i-cofinite for all j < t and 
Hom(R/I, Hj(M, N)) is finitely generated. Finally, we show that if dim(M) < 2 or 
dim(TV) < 2 then H^M, N) is 7-cofinite for all j. 

1. Introduction 

Throughout this note the ring R is commutative Noetherian. Let N be finitely 
generated R- modules and / an ideal of R. In [12], A. Grothendieck conjectured that 
if I is an ideal of R and iV is a finitely generated i?-module, then Hom^(i?/J, Hj(N)) 
is finitely generated for all j > 0. R. Hartshorne provides a counter-example to this 
conjecture in [13]. He also defined an R— module K to be i-cofinite if Supp^if) C V(I) 
and Ext 3 R (R/I, K) is finitely generated for all j > and he asked the following question. 

Question. For which rings R and ideals I are the modules Hj(N) is I-cofinite for all 
j and all finitely generated modules N? 

Hartshorne showed that if iV is a finitely generated -R-module, where R is a complete 
regular local ring, then Hj(N) is I-cofinite in two cases: 

(i) I is a principal ideal (see [131 Corollary 6.3]); 

(ii) J is a prime ideal with dim(R/I) = 1 (see [13, Corollary 7.7]). 
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K. I. Kawasaki has proved that if J is a principal ideal in a commutative Noetherian 
ring then Hj(N) are I-cofinite for all finitely generated .R-modules iV and all j > 
(see [UJ Theorem 1]). D. Delfino and T. Marley [111 Theorem 1] and K. I. Yoshida [29| 
Theorem 1.1] refined result (ii) to more general situation that if N is a finitely generated 
module over a commutative Noetherian local ring R and I is an ideal of R such that 
dim(R/I) = 1, then Hj(N) are i-cofinite for all j > 0. Recently, K. Bahmanpour and 
R. Naghipour have extended this result to the case of non-local ring; more precisely, 
they showed that if t is a non-negative integer such that dim Supp(f/^(iV)) < 1 for all 
j < t then Hj(N), H}(N), Hj-^N) are I-cofinite and Rom(R/I, Hj(N)) is finitely 
generated (see [21 Theorem 2.6]). 

There are some generalizations of the theory of local cohomology modules. The follow- 
ing generalization of local cohomology theory is given by J. Herzog in [Hj: Let j be a 
non-negative integer and M a finitely generated .R-module. Then the j th generalized 
local cohomology module of M and iV with respect to / is defined by 

Hj(M, N) = lim n Exty M/I n M, N). 

These modules were studied further in many research papers such as: [26], [27], [3J, 
[I5],[28],[T8],[I6],[T0],[7],[H],.... It is clear that Hj(R, N) is just the ordinary local 
cohomology module Hj(N). 

The purpose of this paper is to investigate a similar question as above for the theory of 
generalized local cohomology. Our first main result is the following theorem. 

Theorem 1.1. If I is a principal ideal then Hj(M,N) is I-cofinite for all finitely 
generated R— modules M,N and all j. 

As an immediate consequence of this theorem, we obtain again a theorem of K. I. 
Kawasaki [TTJ Theorem 1] (see Corollary 13.21) . Moreover, Theorem 11.11 is an improve- 
ment of [01 Theorem 2.8], since we do not need the hypothesis that M has finite projec- 
tive dimension as in [6] . It should be noticed that the arguments of local cohomology 
that used in the proof of K. I. Kawasaki [17] can not apply to proving Theorem 11.11 
Because, for the case of local cohomology, if / is a principal ideal then Hj (N) = for 
all j > 1. But this does not happen in the theory of generalized local cohomology, i.e. 
ifj(M, N) may not vanish for j > 1 even if / is principal ideal. Therefore, we have to 
use a criterion on the cofiniteness which was invented by L. Melkersson in [23]. Here we 
also give a more elementary proof for this criterion (see Lemma I3TT]) . The next theorem 
is our second main result in this paper. 

Theorem 1.2. Let t be a non-negative integer such that dim Supp(/fj(M, N)) < 1 for 
allj < t. Then Hj(M, N) is I-cofinite for all j < t and Rom(R/I, H\{M, N)) is finitely 
generated. 

This theorem is an extension for generalized local cohomology modules of a result of K. 
Bahmanpour and R. Naghipour [2J Theorem 2.6]. In [2J, they had used a basic property 
of local cohomology that Hj(N) = Hj(N/Ti(N)) for all j > 0; then it is easy to reduce 
to the case of r^iV) = 0. But, it is not true that H 3 j(M,N) = H}(M, N/T Im (N)) for 
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all j > in general, where Im = ann^ (M/JM). Hence, we need to establish Lemma [2T21 
which says that if t and k are non-negative integers such that dim Supp(Hj(M, N)) < k 
for all j < t then so is Hj(M, N/Tj M (N)). Moreover, in order to prove Theorem 11.21 
we also need some more auxiliary lemmas such as 12.31 12.51 12.61 on minimax modules. 
Especially, by Lemma [4.21 instead of studying the cofmiteness of Hj(M,N), we need 
only to prove the cofmiteness of these modules with respect to Im- As a consequence 
of Theorem 11.21 we prove that if dim Supp(ifj(M, N)) < 1 for all j (this is the case, 
for example if dim(N/lM N) < 1) then Hj(M,N) is J-cofinite for all j (Corollary 14.31) . 
This is an improvement of [6j Theorem 2.9], because our theorem does not need the 
hypothesis that R is complete local, M is of finite projective dimension, and I is prime 
ideal with dim(i?/J) = 1. An other consequence of Theorem 11.21 on the finiteness of 
Bass numbers is Corollary 14.41 which is a stronger result than the main result of S. 
Kawakami and K. I. Kawasaki in [THj. 

On the other hand, in the case of small dimension, the third author in [161 Lemma 
3.1] proved that if dim(iV) < 2 then any quotient of Hj(M,N) has only finitely many 
associated prime ideals for all finitely generated R— modules M and all j > 0. We can 
now prove a stronger result in the following theorem. 

Theorem 1.3. Assume that dim(M) < 2 or dim(iV) < 2. Then Hj(M, N) is I -co finite 
for all j . 

As an immediate consequence of Theorem 11.31 we get a result on the cofmiteness 
of local cohomology modules (see Corollary 15.21) . Moreover, by application of Theo- 
rems 11.21 and II. 3[ we obtain a finiteness result on the set of associated prime ideals 
of Ext l R (R/I, Hj(M, N)) for all i,j > when (R, m) is a Noetherian local ring and 
dim(M) < 3 or dim(iV) < 3 (Corollary ES]). 

The paper is divided into five sections. In Section 2, we prove some auxiliary lemmas 
which will be used in the sequel. Section 3, 4 and 5 are devoted to prove three main 
results and its consequences. 

2. Auxiliary lemmas 

Let R be a commutative Noetherian ring, / an ideal of R, and M, N finitely generated 
i?-modules. We always denote by Im the annihilator of i?-module M/IM, i.e. Im = 
aimR^M/IM). We first recall the following lemma. 

Lemma 2.1. (cf. 0, Lemma 2.3] and [TTJ], Lemma 2.1]) 

(i) If I C ann(M) or T^N) = N then H 3 j(M, N) Ext^M, N) for all j > 0. 

(ii) Hj(M,N) is I M -torsion. 

We next prove some auxiliary lemmas which will be used in sequel. 

Lemma 2.2. Let t and k be non-negative integers. 7/"dimSupp(iif|(M, N)) < k for all 
j < t, then so is H\(M, N/T Im (N)). 
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Proof. From the short exact sequence — > Tj M (N) — > N — > N/Ti M (N) —> 0, we get 
the long exact sequence 

... -> Ext^(M,r /M (iV)) -> tff(M,Af) -> tff(M,]V) -> Ext^ +1 (M,r /M (iV)) -> 

for all j, where N = N/Tj M (N). We assume that there exists an integer i < t and 
p G Supp(ifj (M,N)) such that dim(R/p) > k and p £ Supp(ii](M, JV)) for all j < z. 
Thus by the long exact sequence as above we obtain the following exact sequence 

... -> Ext J R (M,r /M (iV)) p -> Hj(M,N) p -> Hj(M,N) p -> Ext^ +1 (M, r /M (iV)) p -> ... 

Note that H~j(M,N) p = for all j < z, while Hj(M,N) p = for all j < i, and 
H}(M,N) P ^ 0. So, by the above exact sequence, we have Ext^(M, rj M (iV))p = for 
all j < i, and Ext^M, r /M (iV))p ^ 0. It implies that r /Af (iV) p ^ and 

depth(ann(M) p ,rV M (iV)p) = i + 1 > 1. 

Hence ann(M) p Gj qi? p for all qi? p G Ass# p (r jM (iV)p). This contradicts with the fact 
that Ass Rp {T hl {N) v ) = As Si?p (iVp) n V{{I M ) P ) and I M D ann(M). □ 

In [30], H. Zoschinger had introduced the class of minimax modules. An R- module 
K is said to be a minimax module, if there is a finitely generated submodule T of K, 
such that iiT/T is Artinian. Thus the class of minimax modules includes all finitely 
generated and all Artinian modules. 

Lemma 2.3. Let t be a non-negative integer such that Hj(M,N) is I-cofinite mini- 
max for all j < t. Then Hom^(i?/J, Hj(M, N)) is finitely generated. In particular, 
Ass (if) (M, N)) is a finite set. 

Proof. We prove by induction on t > 0. If t = then the result is trivial. Assume that 
t > and the result holds true for t — 1. From the short exact sequence — > Tj(N) — > 
N — > N — > 0, we get the long exact sequence 

Ext J R (M,r / (A^)) A Hj(M,N) ^ Hj(M,N) % Ext-jj +1 (M, Tj(N)), 

where N = N/Ti(N). For each j > we split the above exact sequence into two the 
following exact sequences 

Im fj -»■ Hj(M, N) -> Im gj and 

->■ Im ^- ->■ #|(M, JV) ->■ Im ->■ 0. 

Note that Im/j and Im/ij is finitely generated for all j > 0. Then, Hj(M,N) is I- 
cofinite if and only if Img,, is J-cofinite if and only if Hj(M, N) is J-cofinite for all j > 0; 
and we get by pQ Lemma 2.1] that Hj(M, N) is minimax if and only if so is Hj(M, N) 
for all j > 0. Hence Hj(M, N) is J-cofinite minimax if and only if so is Hj(M, N) for 
all j > 0. Moreover, from the two exact sequences above, we get the following exact 
sequences 

Rom(R/I,Imfj) -> Eom(R/I,H 3 j(M, N)) 

-> Kom(R/I, Im -> Ext^(i?/J, Im fj) and 
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-> Kom{R/I, Im ->■ Hom(J?/J, Hj{M, N)) ->■ Hom(i2/J, Im fy) 

for all j > 0. Thus we obtain that Hom(J2/J, Hj(M, N)) is finitely generated if and 
only if so is Hom(R/I, Hj(M, N)) for all j > 0. Therefore, in order to prove the lemma, 
we may assume that rj(iV) = 0. Thus, there exists x E I such that — > N A- N — > 
N/xN — > is exact. From this, we obtain the short exact sequence 

-»■ H t f 1 {M,N)/xH t f 1 {M,N) -»■ Hj-^M, N/xN) (0 : x)^^) -> 
Hence we get the following exact sequence 

Hom( J R/J, J ff*- 1 (M,AT/xA^)) ^Hom(i?/J, (0 : x) H t (MtN) ) 

-»■ Ext^R/I, H^\M, N)/xHj-\M, N)). 

By the inductive hypothesis, Hom(i2/ J, J/j _1 (M, N/xN)) is finitely generated. More- 
over, by the assumption, JJj _1 (M, iV) is J-cofinite minimax. It implies by [231 Corol- 
lary 4.4] that Ext^(J?/J, JJ| _1 (M, N)/xH t f 1 (M, N)) is finitely generated. Therefore, 
Rom(R/I, Hj(M, N)) ^ Hom(i?/J, (0 

: x )h\(m,n)) is finitely generated as required. □ 

From Lemma 12.31 we get a short proof for the following result which was proved first 
by Yassemi-Khatami-Sharif in [28l Theorem 2.1]. 

Corollary 2.4. If H?(M, N), Hj(M, N), . . . , Hj-\M, N) is finitely generated then 
Ass(JJf(M, N)/T) is a finite set for any finitely generated submodule T of Hj(M, N). 

Proof. By the short exact sequence — >■ T — >• Hf(M, N) -»■ Hj(M, N)/T -»■ 0, we get 
the following exact sequence 

Rom(R/I,Hj(M,N)) -»■ Rom(R/I , Hj(M, N)/T) -»■ Ext^(i?/J, T). 

Thus, since Hom(R/I,Hf(M,N)) and Ext)j(i2/J, T) are finitely generated by Lemma 
12.31 and by the assumption of T, we obtain that Hom( J2/J, Hj(M, N)/T) is also finitely 
generated. Thus the result follows. □ 

Lemma 2.5. Let t be a non-negative integer such that Hj(M,N) is minimax for all 
j < t. Then HoniR (R/I, H\{M, N)) is finitely generated and Hj(M,N) are I-cofinite 
for all j < t. 

Proof. By Lemma I2.3[ we need only to prove that Hj (M, N) is J-cofinite for all j < 
t. We proceed by induction on j. It is clear that Hj(M,N) is J-cofinite. Assume 
that j > and the result holds true for smaller values than j. Thus we obtain that 
Hj(M, N), . . . , Hj~ 1 (M, N) are J-cofinite minimax by the inductive hypothesis and by 
the hypothesis. It follows by Lemma I2T31 that Hom(i?/ J, Hj(M, N)) is finitely generated. 
So that Hj(M,N) is J-cofinite by [231 Proposition 4.3] as required. □ 

Lemma 2.6. Let t be a non-negative integer such that Supp(JJj(M, N)) C Max(i?) for 
all j < t. Then Hj(M, N) is Artinian for all j < t. 
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Proof. We now prove the lemma by induction on t. If t = 1 then it is clear that 
Hj(M,N) is Artinian. Assume that t > 2 and the lemma holds true for t — 1. By 
the inductive hypothesis, the i?-modules Hj(M,N) is Artinian for all j < t — 1. 
Therefore, by Lemma 12.51 Hom(i?/J, H t I ~ l (M, N)) is finitely generated. Thus, since 
Supp(Hom( J R/J,i/*- 1 (M,A^))) C Max(i2), we obtain that Rom(R/I, Hj'^M, N)) is 
Artinian. On the other hand, as H t f l (M 1 N) is /-torsion, it follows by [2U Theorem 
1.3] that Hj- l (M,N) is Artinian. □ 

3. Proof of Theorem 11.11 

We first need the following lemma which has been proved in [231 Corollary 3.4] by L. 
Melkersson. We give here an another proof for this result with elementary arguments. 

Lemma 3.1. Let K be an R-module. Suppose x £ I and Supp(K~) C V(I). If (0 : x)k 
and K/xK are both I -co finite, then K must be I -co finite. 

Proof. Let t be a non-negative integer. We need only to claim that Ext R (R/I,K) is 
finitely generated. By the commutative diagram 

->■ (0 : K x) —yK -AxK — y 

— yxK — y K -»■ K/xK -»■ 
we obtain the following commutative diagram of long exact sequences 

... -> Ext^i?//, (0 x)) -^Exi R (R/I,K) ^> Ext^(i?/7, xA") ->■ ... 

| \ x 

... ->■ Ext^ 1 (R/ 1, K/xK) ^Ext R (R/I,xK) 4 Ext R (R/I,K) ->■ ... 

where a;W = Ext^(i2/7, x). Note that K/xK is J-cofinite by the hypothesis, it im- 
plies that Ext l R l (R/ 1, K/xK) is finitely generated. Thus Ker(/ t ) is finitely generated. 
Moreover, since the triangle is commutative, so that x^((0 : x)Ext t R (R/i,K)) Ker(/ t ). 
It follows that x^((0 : ilExt^s/;^)) is finitely generated. On the other hand, (0 : x)k 
is J-cofinite by the hypothesis, so we obtain that Ext R (R/I, (0 : x)k) is finitely gener- 
ated. It implies that Ker(x^) is finitely generated. Therefore, by the following exact 
sequence 

Ker(x W ) n (0 : x) Ext t R(R/IjK) -> (0 : x) e ^ r{r/I)K) 

— >■ x {t) ((0 : x) Ext t R{R/ItK) ) -> 0, 

we obtain that (0 : a^Ext^-R/J-K) is finitely generated. Finally, note that x £ I, it yields 
that Ext R {R/I, K) = (0 

: ^Ext^R//,^) is finitely generated as required. □ 
We now are ready to prove Theorem 11.11 
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Proof of Theorem 11.11 Assume that I = Rx is a principal ideal. From the short 
exact sequence 

->• r 7 (M) -+ M -> M -»■ 0, 
where M = M/Ti(M), we get by [H] the following exact sequence 

fl} -1 (r/(M), iV) -> flj(M, AT) -> #}(M, iV) -> H l I (T I (M), N) 

for all z. Since r7(M) = (0 : J fe )A/ for some positive integer k, we get by Lemma [2.11 
that 

#}(r 7 (M), AO = Jf} ft ((0 : J fc ) M ,iV) Ext^(r 7 (M), AO 
for all i. Hence H}(Tj(M), N) is finitely generated for all i, it follows by the above 
exact sequence that H}(M,N) is J-cofinite if and only if so is H}(M,N). Hence we 
may assume that T/(M) = 0. So that / ^ p for all p G Ass(M). It implies that x £ p 
for all p G Ass(M). Thus we obtain an exact sequence 

->■ M A M ->• M/xM -> 0. 

From this we have the following exact sequence 

-> H\-\M, N)/xH\-\M, N) -> Hj(M/xM, N) ->■ (0 : x)^^^ ->■ 

for all i. Note that, as 7 = so we obtain by Lemma [2.11 that 

Hj(M/xM,N) ^ Ext^(M/xM, AT) 

for all z. Hence H}(M/xM, N) is finitely generated for all i. Thus by the above exact 
sequence we obtain that 

(0 : H i [ (M,N) and H\{M,N)/xH}{M,N) 

are finitely generated for all z. Therefore we get by Lemma 13.11 that H}(M,N) is 
J-cofinite for alH. □ 

By replacing M by R in Theorem 11.11 we obtain a theorem of K. I. Kawasaki on the 
cofiniteness of local cohomology modules as follows. 

Corollary 3.2. ([T7J Theorem 1]) If I is a principal ideal, then Hj(N) is I-cofinite for 
all finitely generated R— module N and all j. 

4. Proof of Theorem 11.21 

Before proving Theorem 11.21 we need to recall some known facts on the theory of 
secondary representation. 

In [19], I. G. Macdonald has developed the theory of attached prime ideals and 
secondary representation of a module, which is (in a certain sense) a dual to the theory 
of associated prime ideals and primary decompositions. A non-zero -R-module K is 
called secondary if for each a G R multiplication by a on AT is either surjective or 
nilpotent. Then p = ann(JT) is a prime ideal and K is called p-secondary. We 
say that K has a secondary representation if there is a finite number of secondary 
sub modules Ki, K 2 , . . . , K n such that K = K\ + K 2 + . . . + K n . One may assume 
that the prime ideals pj = ^aim(Ki), i = 1,2, ... ,n are all distinct, and by omitting 
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redundant summands, that the representation is minimal. Then the set of prime ideals 
{p 1; . . . , p n } does not depend on the representation, and it is called the set of attached 
prime ideals of K and denoted by Att(iT). Note that if A is an Artinian i?-module then 
A has a secondary representation. The basic properties on the set Att (A) of attached 
primes of A are referred in a paper by I. G. Macdonal [19]. If — > A\ — > A2 — > A% — > 
is an exact sequence of Artinian .R-modules then 

Att(A 3 ) C Att(A 2 ) C Att(Ai) U Att(A 3 ). 

Lemma 4.1. Let x be an element of R, I an ideal of R and A an Artinian R-module. 
Then the following statements are true. 

(i) Ifx(£p for all p G Att (A) \ Max(R), then £(A/xA) < 00. 

(ii) // (0 : I) a is finitely generated, then I <£. p for all p G Att(A) \ Max(R). 

Proof, (i) Assume that Att (A) \ Max(i?) = {pi, . . . ,p n }. Let 

A = A 1 + . . . + A n + B 1 + . . . + B t 

be a minimal secondary representation of A, where A^ is pj-secondary and Bj is rrij- 
secondary for alH = 1, . . . , n and all j = 1, . . . , t (with m, G Max(i?) for all j = 1, . . . , t). 
Set B = Bi + . . . + B t) then Att(fi) C Max(i?). Since x £ pi for all i = 1, . . . , n, so 
that xAi = Ai for all i — 1, . . . , n. It follows that xA = A\ + . . . + A n + xB. Note that 

A/xA = ((A 1 + . . . + A n + xB) + B) / (A 1 + . . . + A n + xB) 
= B/(BH(A 1 + ... + A n + xB)). 

Therefore ktt{A/xA) C Att (B/(B n (A l + . . . + A n + xB))) C Att(S) C Max( J R). 
From this, since A/xA is Artinian, so that £(A/xA) < 00. 

(ii) We first claim that a/ ann(0 \a I) = -\/ann(0 \a I n ) for all n > 2. Consider n = 2, it 
is clear that a/ ann(0 \a I) ^ A/ann(0 :^ I 2 ). Conversely, for any a G A/ann(0 :^ /) then 
there is an integer t > such that a*(0 :a -/") = 0. We now prove that a 2 *(0 \a I 2 ) = 
(and therefore a G A/ann(0 :^ J 2 ) ). Indeed, for any ?/ G (0 \a I 2 )-, then J 2 ?/ = 0. So 
that Iy C (0 :a thus a t (Iy) = 0. Hence a*?/ G (0 \a I), and thus a t (a t y) = 0. 
Therefore a 2 *?/ = 0. We now assume that n > 2 and the claim is true for n — 1. Let a G 
a/ ann(0 :^ /) then by induction assumption a G a/ (0 :a / n_1 ). Thus a*(0 :a / n_1 ) = 
for some t > 0. For any y G (0 \a I n ), then I n ~ x Iy = I n y = 0. Hence C (0 :a ^ n_1 ), 
so that I(a t y) = a*(/y) = 0. It implies that a t y G (0 :a I)- On the other hand, since 
a G A/ann(0 :a /), so a^(0 :^ J) = for some / > 0. Therefore a t+l y = 0, it yields that 
a G a/ (0 \a I 11 )- So we get the claim. Finally for any p G Att (A) \ Max(i?) we obtain 
that I ^ p. Indeed, assume that / C p for some p G Att (A) \ Max(i?). Then there 
exists a submodule U of A such that U is p-secondary. Thus there is an integer n such 
that p n U = 0. Hence, as / C p, so that I n U = 0. Therefore U = (0 : v I n ) C (0 : A I n )- 
Hence since £(0 \a I) < 00 then we get by the claim that (0 \a I n ) is of finite length. It 
implies that £{U) < 00, so p G Max(i?), this is a contradiction. □ 

Lemma 4.2. Let t be a non-negative integer. Then 
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(i) Hj(M,N) is I—cofinite if and only if Hj(M, N) is I m~ cofinite, where Im = 
ajm R (M/IM). 

(ii) Hom(_R/J, Hj(M, N)) is finitely generated if and only if so is Hom(_R/J M , Hj(M, N)). 

Proof. Set K = Hj(M,N). Note that Supp(K) C Supp( J R// M ) C Supp(i?/J). 

(i) If K is I— cofinite then, since I C J M , we get that K is Im~ cofinite by [HI 
Proposition 1]. Assume that K is Im~ cofinite. Thus, as \flu = y/I + ann(M), K 
is (/ + ann(M))— cofinite by [TTJ Proposition 1]. Let Xi, . . . , x t , yi, . . . , y s be generators 
of 7 + ann(M) such that I = (x\, . . . , Xt) and ann(M) = (y±, . . . , y s ). Then Koszul coho- 
mology modules H j (x, yi, . . . , y s ; K) are finitely generated R— modules for all j by [22, 
Theorem 1.1] (here we set x = xi, . . . , Xt for short). We now claim by descending induc- 
tion on I (with < / < s) that yi, . . . ,yf,K) are finitely generated R— modules 
for all j, where we use the convention that H^(x; K) = H^(x,yx, . . . ,yi]K) if I = 0. 
If I = s then the claim is clear. Suppose / < s and H*(x,yi, . . . ,yi + i, K) are finitely 
generated R— modules for all j. We first consider the case j = 0. As yi + \ E axm(K), so 
we get that 

H°{x, yi , . . . , Vl - K) = (0 : K {x, Vl ,..., yi )R) 

- (0 -k (ac, 2/i, ■ ■ .,yi,yi +1 )R) 

- H°(x,y u . . .,y h yi +1 ; K). 

Thus H°(x,yi, . . . ,yv,K) is a finitely generated R— module. Assume that j > 1. We 
consider the following exact sequences (cf. [23 Section 5]) 

H J ^(x, yi, ... , yi, yi+i, K) -> H 3 (x, y h ..., yr, K) ^> H J (x, y x , . . . , yr, K) 

for all j > 1. Since yi + \ G arm(K), so that yi + \W{x, yi, . . . , yf, K) = 0. Hence, the 
above exact sequence implies that the following sequence 

H 3 ~ 1 (x,y 1 ,...,y l ,y l+ i;K) H 3 (x, y h . . . , yr, K) 

is exact for all j > 1. From this we get by induction assumption that H^(x, y±, . . . ,yf, K) 
are finitely generated R— modules for all j > 1. Thus the claim is proved. In particular, 
H J (zr, K) are finitely generated R— modules for all j. Therefore, we get by [22j Theorem 
1.1] again that K is /—cofinite. 

(ii) We note that Hom( J R/J + ann(M), K) = Eom(R/I,K), as ann(M) C arni(K). 
Hence, since y/I + ann(M) = t/Tm, the result follows by [TH Proposition 1]. □ 

We are now ready to prove Theorem ll.2[ 

Proof of Theorem \1.2 . By Lemma 14.21 we need only to claim that H\ (M, N) is 
Im~ cofinite for all j < t and Rom(R/ I M , Hj(M, N)) is finitely generated, provided 
dim Supp(f/j(M, N)) < 1 for all j < t (where t is a given integer). 

We prove the claim by induction on t > 0. The case of t = is trivial. If t = 1 
then it is clear that Hj(M,N) is I^-cofinite; moreover we get by Lemma 12.51 that 
Hom(i?/lM, H}(M, N)) is finitely generated. Assume that t > 1 and the result holds 
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true for the case t — 1. From the short exact sequence — y T Im (N) — y N — y N — y 0, 
we get the long exact sequence 

Ex4(M,r /M (A0) 4 H}(M,N) % Hj(M,N) % E^\M 7 T Im (N)), 

where iV = N/Tj M (N). For each j > we split the above exact sequence into two the 
following exact sequences 

Im j) -> H{{M, N) ->■ Im ^ -> and 

-»■ Im ^ -»■ tf|(M, JV) ->■ Im hj ->■ 0. 
Note that Im/.,- and Im/ij is finitely generated for all j > 0. Then, for each j < t, we 
obtain that Hj(M, N) is /M-cofinite if and only if so is Hj(M, N). On the other hand, 
we get by Lemma [2.21 that dim Supp (Hj(M, N)) < 1 for all j < t. Therefore, in order 
to prove the theorem for the case of t > 1, we may assume that Tj M (N) = 0. Hence 

hi £ UpeAs Si? .(iV) P- Set 
t-i 

X = |J Supp(#j(M, X)) and S = {p G X | dim(i?/p) = 1}. 

j=0 

Thus 5 C U*~ Ass(fr|(M, iV)). Note that Hj(M, N) is I M -cofmite for aU j < t- 1 and 
Hom(_R// M -, if| _1 (M, iV)) is finitely generated by the inductive hypothesis. It implies 
that Uj=o Ass {Hj{M, N)) is a finite set, and so S is a finite set. Assume that S = 
{pi, p 2 , . . . , p n }- Then it is clear that 

Svw Rpk W Rpk (M Pk ,N Vk )) C Max( J R p J 

for all j < t and all A; = 1, . . . , n. From this, we get by Lemma 12761 that Hj R (M Pk , N Pk ) 
is Artinian for all j < t and all k — 1, . . . , n. Note that V{Im) Q Hence, it 

implies by Lemma [2751 and [TT] Proposition 1] that Rom(R Pk / (lM)Rp k , H J IR (M Pk , iV^)) 

Pfc 

is finitely generated for all j < t and all k = 1, . . . ,n. Therefore it yields by Lemma 
ICTii) that 

V((I M )R Pk ) n Att Rpk (Hj R jM Pk ,N Pk )) c Max(i? p J 
for all j < t and all = 1, . . . , n. Let 

t-l n 

T = U IK* G SpeCjR i ^ e A ^ fc (^ Pfc (M Pfc ,iv Pfc ))}. 

j=0 fc=l 

Then we have T D V(Im) ^ 5 1 - We now choose an element x G Im such that 

U p) u ( U p)- 

peT\v(z M ) P eAss R (N) 

Thus, we have the short exact sequence — y N A N — y N/xN — y 0. It implies the 
following exact sequence 

Hj(M, N) 4 Hj(M, N) -> Hj(M, N/xN) -> Hj +1 (M, N) 



ON THE COFINITENESS OF GENERALIZED LOCAL COHOMOLOGY MODULES 11 



for all j > 0. Thus, we have an exact sequence 

(1) -> Hj(M, N)/xH}(M, N) % H{(M, N/xN) % (0 : x)^+i (M 7V) -> 

for all j > 0. Note that dim Supp(#f(M, N/xN)) < 1 for all j < t - 1 by the 
above exact sequence and by the hypothesis. So that, we get by the induction 
assumption that Hj(M, N/xN), Hj(M, N/xN), . . . , Hj (M, N/xN) are J M -cofinite 
and Horn (R/I^ , Hj~ (M, N/xN)) is finitely generated. Moreover, also by the in- 
duction assumption, we have Hj(M, N), Hj(M, N),..., If|~ 2 (M, A") are J A f-cofinite 
and Hom(R/ Im, H\~ l (M, N)) is finitely generated. For each j < t, we set Lj = 
Hj(M, N)/xHj(M, N). By the choice of x and by Lemma |4.1[ we obtain that {Lj) Vk 
has finite length for all j < t and all k = 1, . . . , n. From this by the Noetherianness of 
{Lj) Pk , there exists a finitely generated submodule Ljk of Lj such that (Lj) Vk = (Ljk) Pk 
for any j < t and any k = 1, . . . , n. Let L'j = Lji + Lj 2 + . . . + Lj n . Then L'j is a finitely 
generated submodule of Lj satisfying the following inclusion 

Supp( VL;.) CI\{p 1 ,p 2 ,..,p„}C Max(i?) 

for all j < t. For each j < t, we set Nj = H~j(M, N/xN) and A] = ocj{L'j). Then A] is 
a finitely generated submodule of Nj and the following sequence 

(2) Lj/ Lj % Nj/N'j % (0 : x)^+ 1(M>Jvr) 

is exact. We now prove that Lj is minimax for all j < t. Look at the exact sequence 

Eom(R/I M , Nj) Hom(ii// M , Ar./A-j) Ext]j (R/Im j -^') • 

For any j < i, since Aj is finitely generated and Rom(R/ Im, Nj) is finitely generated, so 
that Hom(_R//M, Nj/N'j) is finitely generated. Hence we obtain by the sequence (2) that 
Hom(i?// M , Lj/L'j) is finitely generated for all j < t. While Swpp(Lj/L'j) C Max(i?) 
and Lj/L'j is I^-torsion, so that Lj/L'j is Artinian by [2H Theorem 1.3] for all j < t. 
Thus Lj is minimax for all j < t. Consider again the exact sequence (1), that is the 
following sequence 

(1') -> Lj ^ Nj % (0 : x) H i +1(M>Ar) -> 0. 

As Hom(_R//Af, A"j) is finitely generated for all j < i, then so is Hom(i?//A/ , Lj) for all 
j < t. From this, we obtain by [23j Proposition 4.3] that Lj is /A/-cofinite for all j < t. 
Keep in mind that Nj is J M - c ofinite for all j < t — 1. Thus, from the sequence (1'), 
we have that (0 : x) H j, MN ^ is /Af-cofinite for all j < t. In particular, (0 : x) H t-i^ M N ^ 

and £T}~ 1 (M,JV)/a:fl/~ 1 (M,JV) = are J M -cofinite. It implies that iZ^Af, JV) is 
-^M-cofinite by Lemma 13.11 Thus if ^ (M, A/") is /Af-cofinite for all j < t. On the other 
hand, by the sequence (1') when j — t — 1, we have the following exact sequence 

Hom(it!// M , JV t _i) -> Hom( J R// A f, (0 : x) H t (AW ) -> Ext^i^M, L t _ x ). 

Thus, since Hom(i?// M , A^_i) is finitely generated and L t _i is /Af-cofinite, so it yields 
that B.om(R/I M , Hj(M, N)) = Hom(i?/ I M , (0 : x) H t^ M ^) is finitely generated. Hence 
the claim is proved, and the proof of Theorem 11.21 is complete. □ 
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In [6j Theorem 2.9], Divaani Aazar and Sazeedeh showed that if p is a prime ideal 
in a complete local ring (R, m) with dim(i?/p) = 1, then Hp(M,N) is p-cofinite for all 
j > whenever M has finite projective dimension. Here, even if without the hypothesis 
completeness of the ring and the finiteness of projective dimension of M, we still obtain 
the following result. 

Corollary 4.3. If dim Supp(i/|(M, N)) < 1 for all j (this is the case, for example if 
tiam(N/I M N) < I), then Hj(M,N) is I -co finite for all j > 0. 

We now recall the notion of Bass number: let K be an i?-module, i an integer and p 
a prime ideal, then the z-th Bass number fi l (p,K) of K with respect to p was defined 
by //(p, K) = dim fc ( P )(Ext^,(-R/p, K) p ). In [18J, S. Kawakami and K. I. Kawasaki proved 
that if M has finite projective dimension and dim(R/I) = 1 then //(p, Hj(M, N)) is 
finite for all i,j > and all p G Spec(i?). The next corollary is a generalization of this 
result. 

Corollary 4.4. Assume that dirnSupp(-H|(M, N)) < 1 for all j (this is the case, for 
example if dim(N/ I M N) < 1). Then //(p, H J j(M, N)) is finite for all i,j > and all 
p G Spec(R). 

Proof. If I <£ p then /i*(p, Hj(M, N)) =0. If / C p then Supp(i?/p) C Supp( J R/J), 
so that Ext l R (R/p,H 3 j(M,N)) is finitely generated for all i,j by Corollary [473] and [IH 
Proposition 1]. Therefore //(p, Hf(M, N)) is finite for all i,j, as required. □ 

5. Proof of Theorem 11.31 

Proof of Theorem 11.31 We first consider the case of dim(M) < 2. By the short exact 
sequence -»■ Ti(M) -»■ M M -»■ where M = M/Tj(M), we get the following 
exact sequence 

H 3 -\Yj(M),N) 4 Hj(M,N) ^ Hj(M,N) % H J j(Tj(M), N) 
(following [15]). It implies the following exact sequences 

->■ Im fj ->■ Hj(M, N) -> Im gj ->■ and 

-»■ Im ^- -»■ Hj(M, N) -»• Im ^ -»■ 0. 

Since Pj(M) = (0 : 7 fc )M for some integer A;, so that 

Hi(Tj(M),N) = Hj k ((0 : I k ) M ,N) = Ext^r^M), N) 

for all j by Lemma 12.11 Thus Im fj and Im hj are finitely generated for all j . So by 
the above exact sequences we obtain that Hj (M, N) is J-cofinite if and only if so is 
Hj(M, N). Therefore we may assume that Tj(M) = 0. Then there exists x G / such 
that x is an M-regular element. From the short exact sequence -»■ M A M -»■ 
M/xM — )• we get the following exact sequence 

Hj(M/xM,N) — ► (0 : x)^ (M)Ar) — »- 0. 
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Since dim(M/xM) < 1, so that dimSupp ((0 : x) H3{M N) )) < 1. Note that Hj(M, N) 
is /-torsion and x G I. Thus 

dimSupp(^'(M, AO) = dimSupp ((0 : x)^^)) < 1 

for all j. From this we obtain by Corollary 14.31 that Hj(M, N) is I-cofinite for all j. 
For the rest of this proof, we consider the case of dim(iV) < 2. By the short exact 
sequence -> Ti(N) ->• N — >■ iV — > where A" = N/T^N), we get the following exact 
sequence 

Exti(M,rj(iV)) ^> Hj(M,N) ^ Hj(M,N) ^ Ext J H +1 (M, I>(iV)). 
It implies the following exact sequences 

-> ImMj -» #f (M, AT) ->■ ImUj- -> and 

->■ \rnvj -> Hj(M,N) -> Imw 3 -> 0. 

Thus ImMj and Imwj are finitely generated for all j. So by the above exact sequences 
we obtain that H J j(M,N) is J-cofinite if and only if so is Hj(M, N). Hence we may 
assume that Tj(N) = 0. So we can take y G I such that y is an A^-regular element. 
From the exact sequence — > N A A^ — > N/yN 4 we have an exact sequence as 
follow 

Hj(M,N/yN) — ► (0 : V ) H ^ {M>N) — )- 

for all j. So that dim Supp(ifj(M, N)) = dimSupp ((0 : u)h j (mn)) — ^ ^ or 
all j > 1. Note that Hj(M, N) = Eom(M,Tj{N)) = Hom(M,0) = 0. Thus 
dim Supp(if j(M, N)) < 1 for all j. From this we get by Corollary H3J that Hj(M,N) 
is J-cofinite for all j, and this finishes the proof of Theorem 11.31 . □ 

As immediate consequences of Theorem 11.31 we obtain the following results. 

Corollary 5.1. If dim(R) < 2 the Hj(M,N) is I-cofinite for all j, and all finitely 
generated R-modules M, N. 

Corollary 5.2. If dim(N) < 2 the H 3 j(N) is I-cofinite for all j . 

We next consider furthermore a consequence of Theorem 11.21 and 1 1 . 3 1 on the finiteness 
of associated primes of generalized local cohomology modules. We first recall that an 
i?-module K is called weakly Laskerian if any quotient module of K has finitely many 
associated primes (cf. [II]). Note that, all Artinian modules, all finitely generated 
modules, and all modules with finite support are weakly Laskerian. Moreover, if — > 
K\ — > K2 — > K3 —7- is an exact sequence, then K2 is weakly Laskerian if and only 
if K\ and K% are both weakly Laskerian. Note that if R is a Notherian local ring 
and dim(A r ) < 3 then the third author proved in [161 Theorem 1.1] that the modules 
Hj(M, N) has only finitely many associated prime ideals for all j. In the following, we 
obtain a stronger result . 
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Corollary 5.3. Assume that (R, m) is a Noetherian local ring. If dim(M) < 3 or 
dim(iV) < 3 then Ext l R (R/I, Hj(M, N)) is weakly Laskerian for all i,j > 0. In partic- 
ular, Assij(ifj(M, N)) is a finite set for all j > 0. 

Proof. Assume that dim(M) < 3. By similar arguments as in the proof of Theorem 
11.31 we obtain the following exact sequences 

->• Im fj ->- E\ (M, N) ->• Im g } ->■ and 

-»■ Im ^ -»■ tff(M, AT) Im -»■ 0, 
where M = M/Ti(M). Thus we get the following exact sequences 

... -> Ext^^/JJm^) -> Ext R (R/I,Hj(M,N)) ->■ Ext^iZ/J, Im^) -> ... and 

... ->■ Extjj(i2//,Im^) -> Ext^(i2/7, Hj(M, N)) ->■ Ext^i?//, Im fy) -> ... 
Moreover, note that Im/j and Im/ij are finitely generated for all j. It follows 
that Ext R (R/I, Hj(M, N)) is weakly Laskerian if and only if so is the module 
Extfl ■{R/I, Hj(M, N)). Therefore we may assume that Tj(M) = 0. Thus we get an 
exact sequence -»■ M A M -»■ M/xM -»■ where i G / is a regular element of M. 
It implies that Hj (M/xM, N) -> (0 

• x ) h 3 j(m n) — ^ is an exact sequence. Hence, as 

dim(M/xM) < 2, so we obtain that 

dimSupp(#j(M, N)) < 2 for all j > 0. 

For the case dim(iV) < 3, by similar arguments as above we may reduce to the hypoth- 
esis that Ti(N) = 0. Then by the following exact sequence 

Hj(M, N/yN) -> (0 : y) H ^ {M>N) -> 

with y G / is an iV— regular element, we get that dim Supp(-£7|(M, N)) < 2 for all j > 0. 
Therefore, for the rest of this proof, we need only to claim the weakly Laskerianness of 
Ext u R (R/I, F|(M, iV)) for all u, v > provided that 

dimSupp(#/(M, N)) < 2 for all j > 0. 

Note that Hj(M,N) ® R R = Hl(M, N). Therefore, in view of [201 Lemma 2.1], 
we can assume that R is complete with m-adic topology. We now claim the weakly 
Laskerianness of Ext R (R/I,Hj(M,N)) by way of contradiction. For any integers 
u, v, we set K = Ext R (R/I, Hj(M, N)). Assume that there exists a submodule T 
of K such that Ass(K/T) is an infinite set. Then there is a countably infinite sub- 
set {pijieN of Ass(K/T) such that p t ^ m for all I G N. Let S = R \ [j ieN Pi- 
Then S is a multiplicative closed subset of R. Since {pz}? e N Q Ass(K/T), so that 
{S , - 1 J)i}i6N Q Ass 5 -i JJ (5- 1 is:/5- 1 T). Thus Ass 5 -i R (5- 1 AT/5- 1 T) is an infinite set. On 
the other hand, as m ^ pi for all I G N, we get by [211 Lemma 3.2] that m ^ UzgnP'> 
and so that mHS ^ 0. It implies that dim Supp( J ff^ 1/ (^" 1 M, S^N)) < 1 for all j > 0. 
From this, we obtain by Corollary 14.31 that 

S- l K = Ext^-iniS^R/S- 1 !, H^^S^M, S^N)) 



ON THE COFINITENESS OF GENERALIZED LOCAL COHOMOLOGY MODULES 15 



is finitely generated. It implies that S^ l K/S^ 1 T is finitely generated. Hence 
Asss-iRiS^K/ S^T) is a finite set. On the other hand, by the hypothesis of T, the 
set Asss-ir^S^K/ S^T) is infinite. Hence we obtain a contradiction, and the claim 
follows. The last conclusion is clear. □ 
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